In this paper, the problem of choosing from a set of design alternatives based upon multiple, conflicting and uncertain criteria is investigated. Multiple attributes can arise when different disciplines contribute to the design of a product or process. The Overlap Measure Method developed in this paper models two sources of uncertainties -imprecise attribute values provided to the decision maker from the various disciplines and inabilities of the decision-maker to specify an exact desirable attribute level. Additionally, this method also provides the necessary steps to mitigate the effects of these sources of uncertainties using the Overlap Measure metric. The Overlap Measure Method can be applied to any theoretically sound multiattribute decision making method and in this paper is applied to the Hypothetical Equivalents and Inequivalents Method. The Overlap Measure Method also includes a sub-routine that ensures that the winning alternative is insensitive to changes in the relative importances of the different disciplines.
I. Introduction
LL products and processes that we see around us and use in our daily lives are the results of decisions made by different engineering disciplines collectively. The car we drive in, the household consumer products that we use or the house where we stay are designed and developed by engineers from different teams. The decisions made by engineers are critical as they directly affect the consumers of the product. A decision, for example choosing the right combination of engine and transmission for a car, is critical to the people who are going to be driving the car. The design of the simplest of products that we use requires making a large number of decisions. Rarely are these decisions made based on a single attribute or restricted to information obtained from one discipline. More often than not, these decisions need to be made based on a very large number of attributes and criteria [1] [2] [3] . The decision of choosing a particular transmission for a car is based on the engine type, the size of the car, the targeted market and the available underhood space to name a few attributes.
In multidisciplinary design optimization (MDO), various disciplines interact with each other in the design of large complex systems. Each discipline optimizes its own objective function, which contributes a part to the overall system. In this scenario, uncertainties exist due to the lack of communication between disciplines 4 . For example, in the design of an airplane, the group designing the wing might not be able to get information about the model used to design the fuselage, or even the actual dimensions of the fuselage. In such an event, the wing design group has to make some assumptions about the fuselage and design the wing such that it can operate with varied fuselage designs. By making assumptions about the fuselage, the wing group is handling uncertainty, and by designing its wing to be robust to changes in the fuselage, the wing group is mitigating the effects of uncertainty. Previous work has modeled the various sources of uncertainty in MDO and developed methods to mitigate the effects of uncertainty [5] [6] [7] [8] . In product design selection, a single designer or a group of designers select the best design from amongst a set of feasible designs based on the different attributes. In this scenario, the sources of uncertainty are the unavailability of precise attribute values for the different design alternatives, the inability of the designer to state precisely his or her preferred values for the various attributes, and the inability to determine all possible feasible designs. The probability of success metric 9 , Customer-based Expected Utility metric 10 , Fuzzy Sets and evidential reasoning [11] [12] [13] are methods developed to handle uncertainty in product design. In this paper, a single decision maker or upper level manager has to choose from amongst a set of discrete, design alternatives, based on multiple attributes. The different attributes are contributed by different disciplines, due to which the exact attribute values are uncertain. Additionally, due to the attribute uncertainty, the decision maker is unable to clearly state his or her preferred value for a single attribute, but instead specifies a preference structure (utility function). Using the Overlap Measure Method developed in Section III, the uncertain attribute values and the decision maker preference structures are combined into a dimensionless rating for each alternative. These ratings are then combined using the weighted sum approach over all the attributes for each alternative. The Hypothetical Equivalents and Inequivalents Method 14 (HEIM) is used to determine the relative importance of each attribute, in turn determining each discipline's relative importance in the design process. In order to ensure that the selected design alternative is robust to changes in the relative weights of the various disciplines, a formal procedure is developed for product design in Ref. 15 and is applied to MDO problems in this paper. The Overlap Measure Method is applied to the selection of a pump designed by a combination of different disciplines, where the attribute values are uncertain. This serves as a case study to the developed methodology. . This utility function is used to model the uncertainties associated with the decision maker's inability to clearly state his or her preferred attribute level. It is required to convert the uncertainty associated with each attribute for all the alternatives into some meaningful representation of the distribution, incorporating the decision maker's utility, in order to use the principles of HEIM. This representation that combines the two sources of uncertainties is henceforth referred to as the score of an alternative with respect to that attribute. It will be shown in Section 3 that this score is the Overlap Measure Metric. The problem definition in tabular form is shown in Table 1 The alternative with the best total score is the alternative of choice. The total score is determined using a weighted sum approach, where the weights are determined using HEIM. It has been shown that HEIM avoids the common pitfalls of the weighted sum approach 14 . The challenges, however, in determining the total score are:
II. Problem Formulation
i) converting the attribute probability distribution into a single, meaningful, dimensionless score, ii) incorporating the decision maker's preference structure, and iii) determining the value of the weights (getting a robust solution).
III. The Overlap Measure Method
The flowchart of the Overlap Measure Method as applied to MDO problems is shown in Figure 1 . The various steps in the above flowchart are explained below:
Box 1: Determine uncertain attribute values from various disciplinesAssuming that each discipline controls a subset of attributes, each discipline first provides the probability distribution function of the attributes within its control for all the possible alternatives to the decision maker (system level designer).
Box 2: Generate Hypothetical Alternatives -In order to use the HEIM in solving for the a ttribute weights, hypothetical alternatives need to be determined. The hypothetical alternatives are used to assess the decision maker's preferences towards the individual attributes by stating if he or she prefers one hypothetical alternative to another. The relevance of this step will become clear in Box 5. The generated hypothetical alternatives are combined with the list of actual alternatives to form one single matrix of alternatives and attributes. The hypothetical alternatives are also represented as uncertain probability distributions. An experimental design is typically used to generate the hypothetical alternatives and the use of appropriate experimental designs is discussed more in Ref. 15 .
Box 3: Setup Problem -Given the uncertain attribute values, the system level decision maker sets up the problem as a multiattribute problem as shown in Table 1 .
Box 4: Determine the Overlap Measure Metric -The Overlap Measure is a metric that combines the uncertain range of the attribute value for a given alternative and the decision maker's preference for that attribute to determine a dimensionless score. This dimensionless score is combined with the attribute weights to give an overall value or total score for the alternative which is used to compare it with the other available alternatives. The Overlap Measure for the i th alternative over the j th attribute is denoted as O ij . A broader discussion of the Overlap Measure is provided in Section IV. 
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Box 4
Setup Optimization Problem and Solve (HEIM) Box 6 Check for Robustness Box 5: Formulate the preference structure to form constraints -Based on the preference statements made by the decision maker over the Hypothetical Alternatives developed in Box 3, constraints are setup as specified in the HEIM formulation. Therefore, for two hypothetical alternatives h 1 , h 2 , the decision maker states his or her preference as h 1 
Box 6: Setup the Optimization problem and solve for the attribute weights -As stated in HEIM, the attribute weights are set as design variables, the preference statements are set as constraints, and a pseudo objective function (to drive the sum of the weights to one) is used. The standard optimization problem is shown in Eq. 1. Based upon the stated preference over the hypothetical alternatives, an inequality or equality equation is determined using Eqs. 1a and 1b, which forms the constraint h(x) (for equality preferences) or g(x) (for inequality preferences) in the optimization problem of Eq. 1.
Box 7: Check for Robustness -By the choice of the objective function in Eq. 1, it seems intuitive that the problem formulation may result in multiple feasible weight values that give different alternatives as the alternative with the highest total score. In order to determine a set of weight values that result in the same winning alternative, additional steps have to be applied as discussed in Ref. 15 . Now that the Overlap Measure Method framework has been presented, a discussion of the Overlap Measure metric is given next.
IV. The Overlap Measure Metric
The Overlap Measure is a metric that combines uncertainties associated with attribute values and a decision maker's inability to clearly state his or her preferences into a dimensionless score. Let
represent the probability density function (PDF) of the j th attribute, for some alternative i. Additionally, the utility function of the decision maker for the j th attribute is denoted as ) (x U j . For each alternative i, the j th attribute score, defined as the overlap measure, is evaluated by the following integral:
where, The integral limits in Eq. 2 go from ∞ − to ∞ + , indicating that the integral is evaluated over the entire set of feasible values for that attribute, assuming that the attribute is defined to be a continuous random variable. However, in Figure 2 , the double bold lines encompass the actual region of interest. The integrating region might reduce from ∞ − to ∞ + in cases where either the utility function or the probability density function is zero, or the probability density function has insignificant probability values outside of this region.
For the case where the attribute is a discrete random variable, the probability density function is instead a probability mass function, and the same idea of overlap measure is used; however, the integral (?) is replaced with a summation (S).
The Overlap Measure is the integration of the product of a probability density function and a utility function. A PDF function always results in a non-negative number, since there can never be negative probability. Additionally, in this paper, utility functions are defined such that they also result in non-negative values. Hence, the lowest value for both the PDF and the utility function is 0, while the highest value for both the functions is 1. Therefore, the range of any Overlap Measure value is between 0 and 1,
where, an Overlap Measure of 0 implies no overlap between the alternative's design range and the utility function for an attribute, and a value of 1 implies complete overlap.
Note that depending on the weights of the attributes, alternatives with high Overlap Measure values for the different attributes have a higher possibility of being the alternative of choice. In addition, the Overlap Measure is a dimensionless quantity, as shown next.
Units of the various components of the overlap measure are: 
Limits of Integration
Since probability is a dimensionless quantity, the only unit that prevails is the units of the utility function, or utiles, which is a dimensionless quantity.
Once the Overlap Measure is determined for all the attributes for each alternative, the weighted sum method is applied. Thus, the overlap measure index solves the first two challenges listed in Section 2. In other words, it converts a distribution into a single, meaningful score, and incorporates the decision maker's preference structure. Once the score is determined, the problem reduces to a standard multiattribute selection problem under certainty, which is then solved using HEIM.
The Overlap Measure Method is next applied to a case study, where different disciplines contribute to the design of a pump and a single design has to be selected based on the different attributes.
V. Case Study: Selection of Pumpset
In order to illustrate the Overlap Measure Method, a case study of the selection of pump design configuration is presented in this section. Consider the family of Centrifugal Pumps that are manufactured by ITT Bell & Gossett. Based on the overall design of each pump type, Bell & Gossett has categorized its entire line of pumps into different series, for example, Series 60, Series 80, Series 90, Series 1510 to name a few 16 . Within each series, Bell & Gossett has a range of different pump configurations that operate at different conditions to satisfy different requirements.
For this case study, it is assumed that a choice has to be made from 9 different pump configurations within the Series 1510 set of pumps which are used primarily for hydronic heating and cooling systems. It is assumed that 3 different disciplines contribute to the design of the pump:
• Fluids Thus, the choice has to be made over 6 different attributes controlled by the different disciplines. The values for the attributes are uncertain and are given by different probability distributions. Moreover, the choice has to be made such that the selected pump satisfies the decision maker's preferences, which are also assumed to be uncertain, and given by utility functions.
To determine the values of the attributes relevant to the decision making process, pump performance curves provided by Bell & Gossett are used. This is because, in all industrial applications, the performance curves are used to determine the pump whose configuration satisfies the desired requirements. Figure 3 shows the performance curves for a Series 1510 3AC pump.
As seen in Figure 3 , information pertaining to different attributes of the 3AC pump is available from the performance curve. The performance curve has the volumetric capacity plotted against the head delivered for different RPM ratings, with information pertaining to the available horsepower, the operating efficiency, the NPSH required and the impeller diameter given within the same plot. The desired region of operation for the pump is also shown in Figure 3 . This implies that the Series 1510, 3AC pump would be ideal if the desired pump operation requirements fall within the circled region. Thus, the attributes specified earlier are defined below.
A. Fluids Subsystem:
1. Volumetric Capacity -given in US gallons per minute, it is the capacity that can be handled by the pump and is marked along the x-axis. This attribute is assumed uncertain. Since the desired values of capacity are in the central part of the curves, the attribute is assumed to have a normal probability density function, with a specified mean and standard deviation for each kind of pump. In Figure 3 , the mean value is assumed to be 270US gallons/min with a standard deviation of 90gallons/min.
2. Head Delivered -given in ft, the delivered head is the pressure difference that the pump overcomes in its operation and is marked along the y-axis. Similar to capacity, the middle region values of head are desired and hence, the attribute is assumed to be normally distributed. For the pump in Figure 3 , the mean delivered head is assumed to be 27ft with a standard deviation of 6.67ft.
3. Net Positive Suction Head (NPSH) Required -given in ft, this is given by the isolated curve at the bottom of the performance curves with values marked on the left ordinate. NPSH is the head required to prevent cavitation within the pump 17 . This is also assumed to be uniformly distributed between the extreme values of the NPSH curve. For the pump type shown in Figure 3 , the bounds of the distribution are 2.5ft to 11.5ft.
B. Power Subsystem:
4. Operating Speed -given in revolutions per minute, or RPM. Information regarding this attribute is assumed certain, given at the top right corner of the performance curve. For the case of the performance curve given in Figure 3 , the operating speed is 1750RPM.
5. Operating Power -given in horsepower (HP), this is marked by the dashed lines in the performance curves. The operating power is a continuous variable, and is assumed to be uniformly distributed between the extreme values provided in the performance curves. In the case of the curves in Figure 3 , the distribution range is from 1.5HP to 5HP.
C. Structures Subsystem:
6. Impeller Diameter -given in inches, this is marked at the left hand extreme of each performance curve. In the case of Figure 3 , the possible impeller diameter values are 5", 5.5", 6", 6.5" and 7". This attribute is assumed to have a discrete probability distribution function, with each marked impeller diameter having a discrete probability value assigned to it. Again, since the desired region of operation is in the middle portion of the curves, impeller diameters corresponding to the curves in those regions have a higher probability as compared to curves away from the desired region. Therefore, for the case of Figure 3 , the probabilities corresponding to the aforementioned impeller diameters are 0.04, 0.13, 0.35, 0.35 and 0.13, respectively.
The alternatives amongst which the selection has to be made are chosen from the Series 1510 line of pumps. These alternatives are 3AC (pump performance curve shown in Figure 3 ), 4BC, 2G (all three operating at 1750RPM), 1.5AC, 6BC, 5E (all three operating at 1150RPM), 2 .5AB, 5A and 2.5BB (all three operating at 3500RPM). The attribute values for these 9 alternatives, as defined above are given in Table 2 . From Figure 1 , the first step of the Overlap Measure Method is to determine the uncertain attribute values from the different disciplines and these values for the case study have been provided in Table 2 .
In addition to the uncertain attribute values, it is assumed that the decision maker does not specify a single desired attribute value but instead a utility function that incorporates his or her preference structure. The utility functions and a discussion of how they are generated for the different attributes are given below. (For continuous utility functions, a neutral risk attitude is assumed, which implies straight l ine utility functions. However, the Overlap Measure Method is shown to work for risk prone or risk averse utility functions as well 18 ). To determine the actual mathematical formulation of continuous utility functions, a linear function is fit through two attribute levels that represent points of lowest and highest utility, where the lowest value is 0 and highest value is 1. 
Capacity
2. Head Delivered: It is assumed that a pump that can deliver a higher head is more desirable. This assumption is valid because the higher the head a pump can deliver, greater is its usage. Also, it is assumed that the decision maker's preference structure is continuous. The delivered head corresponding to a utility of 0 is 6 ft. and corresponding to a utility of 1 is 380 ft. Therefore the linear interpolation between these two points yields the following utility function,
NPSH Required:
A lower NPSH value is more desirable. This is because NPSH available negates the NPSH required preventing cavitation17. Therefore, a smaller NPSH required would require a smaller NPSH available, thus preventing the effects of cavitation. Therefore, assuming a linear utility function, with utility of 0 at 2.5 ft. and utility of 1 at 58 ft., the utility function for NPSH Required is,
Power Subsystem: 4. Operating Speed: It is assumed that the decision maker prefers as high a RPM as he or she can get. This assumption is valid, since a fast operating pump will be better for any application. Additionally, the utility function is assumed continuous. Therefore, using 1150 RPM as speed with utility of 0 and 3500 RPM as speed with utility of 1, the linear utility function is given as,
5. Operating Power: For the operating power attribute, a continuously increasing utility function is assumed. This is because a higher operating power is desired. The value of Operating Power corresponding to utility of 0 is 1 HP while that corresponding to utility of 1 is 75 HP. The utility function then is,
Structures Subsystem: 6. Impeller Diameter: Once again, a continuous utility function is assumed, but a smaller diameter is preferred, as this will save space. The utility function is given in Eq. 8. The diameter corresponding to a utility of 0 is 4.125 in. while the diameter corresponding to a utility of 1 is 13.500 in. These are the two points used in formulating the linear function in Eq. 8.
The next step of the Overlap Measure Method is to determine the Hypothetical Alternatives. For this case study, the end and central regions of the distributions, spanned by the actual alternatives, are used as distributions of the hypothetical alternatives. The hypothetical alternatives for this problem are given in Table 3 . Tables 2 and 3 collectively form the multiattribute selection problem, with a single decision maker having to choose from the set of alternatives provided in Table 2 . The next step of the Overlap Measure Method is to determine the Overlap Measure metric for each alternative along all attributes. The Overlap Measure metric is defined in Section IV and is evaluated using Eq 2. As an illustration, the Overlap Measure metric is evaluated for alternative 3AC for the Volumetric Capacity attribute.
Using Eq. 2, the Overlap Measure integral is evaluated in Eq. 9 for a normal probability density function with Table 4 , the total score functions are determined, using a simple weighted sum approach. The total score functions for the alternatives are given in the last column of Table 4 . The last column of Table 4 coincides with Box 4 of the Overlap Measure Method framework of Figure 1 . The next step of the Overlap Measure Method is to formulate the preference structure to form constraints using the hypothetical alternatives. For this case study, the following preference structure is assumed (where " †" implies "preferred to"):
Using information from 
Using Eqs. 11 and 12, the optimization problem of HEIM is formulated. This is shown in Eq. 13. where ? = 0.001 is a small quantity included to ensure the "less than equal to" inequality of the constraints.
The optimization problem of Eq. 13 is solved using the Excel solver. The results obtained for the weights are given below. The evaluated weight values are substituted into the total score functions given in the last column of Table 4 . The alternative with the highest total score is the alternative of choice. Evaluating the total score functions using the above weight values, the winning alternative is pump 2.5BB.
However, as mentioned earlier, the formulation of the optimization problem is such that it only searches for a set of weights that sum to one and satisfies the preference constraints. Therefore, depending on the starting point used, a different solution might be obtained that result in a different alternative of choice. For example, consider the following set of feasible and optimal weight values: The winning alternative with these weight values is 2.5AB. Thus, we see that the optimization problem formulation is not robust to small changes in the weight values. A change is the weight value translates to a change in the importance of a particular discipline or subsystem within the entire design process. In order to avoid these changes in subsystem importance, a set of steps detailed in Ref. 15 are used to determine a robust winning alternative. This is achieved by determining all possible winning alternatives, equating their value functions to determine additional hypothetical alternatives, and citing a preference over the new hypothetical alternative to determine additional constraints. Thus, a robust winning alternative can be determined using the Overlap Measure Method when making a choice over multiple attributes.
VI. Conclusions
In this paper, the Overlap Measure Method is proposed for multiattribute selection problems. The different attributes are controlled by different disciplines that contribute to the design of a product or process. The Overlap Measure Method accounts for the uncertainty that exists when different disciplines or subsystems contribute smaller parts of the design information to a system level designer. Another source of uncertainty accounted for by the Overlap Measure Method is the decision maker's inability to state an exact desired attribute level. However, for the Overlap Measure Method, it is necessary for the decision maker to know his or her preference structure over the various attributes. The Overlap Measure metric combines the models for these two sources of uncertainty to provide a representation of how much the design alternative satisfies the system level designer's preferences for any given attribute. The HEIM is then used to determine a set of weights that determine the alternative best suited to the designer's preferences.
Sources of future work include an investigation of robustness when the preference structure over the hypothetical alternatives (Eq. 10) is altered. Additionally, the Overlap Measure Method is developed for a single decision maker but in engineering design, rarely is a decision made by an individual and this method would need to be extended to group decision making. From a multidisciplinary scenario, it is assumed in this paper that the various subsystems contributing to the design have disciplinary autonomy, in that they control independent attributes. However, this is rarely the case with MDO problems, and is in fact an area of extensive research in itself. An area of future work is to model the uncertainty that exists due to the multidisciplinary nature of the problem and obtained disciplinary autonomy in order to isolate independent design attributes.
